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We report the results of a direct comparison of a freely expanding turbulent Bose-Einstein con-
densate and the propagation of an optical speckle pattern. We found remarkably similar statistical
properties underlying the spatial propagation of both phenomena. The calculated second-order
correlation together with the typical correlation length of each system is used to compare and sub-
stantiate our observations. We believe that the close analogy existing in between an expanding
turbulent quantum gas and a traveling optical speckle, might burgeon into an exciting new research
field investigating disordered quantum matter.
Coherent matter wave systems such as a Bose-Einstein
condensate (BEC) or atom lasers, and atom optics are
reality and relevant research fields. The spatial propa-
gation of coherent matter waves has been an interesting
topic for many theoretical [1–3] and experimental stud-
ies [4–7]. On the other hand, optical speckle phenom-
ena emerging as the interference of multiple independent
wave fronts originated from a rough surface has been
around for many years with ever growing interest [8]. The
generalization of optical speckle to coherent matter waves
is not yet well established, though it would be helpful to
be able to use the solid statistical framework, developed
over decades, in the atom optics. It may certainly create
new perspectives and bring a broader and deeper un-
derstanding to the matter-wave community. Previously,
there had been some effort to investigate this topic. For
instance, an atomic beam was used to generate speckle in
a de Broglie wave [9]. In that case, a multi-mode guid-
ance was used together with a time-dependent second-
order correlation function to characterize a matter-wave
speckle. Also, Dall and co-authors [10] produced an
atomic speckle by transmitting atoms through an optical
waveguide when a multi-mode matter-wave guidance was
on, in very close analogy with multi-mode light guiding
into optical fibers. In this work, we evaluated the second-
order correlation of an experimental turbulent BEC and
determined its typical correlation length. The results
were then properly compared to the correlation length of
a computer generated, elliptical speckle light map, propa-
gating along the z direction, determined from its intensity
correlation. We then discuss the remarkable similarities
existing in between light and matter wave propagation in
the presence of spatial disorder.
∗ pedro.ernesto.tavares@usp.br
† vander@ifsc.usp.br
The experimental sequence to produce the turbulent
BEC runs as follows. 87Rb standard BECs containing
about 1 − 2 × 105 atoms in the |F = 2,mF = +2>
hyperfine state, with a small thermal fraction (≤ 35%)
in a cigar-shaped Quadrupole-Ioffe configuration (QUIC)
magnetic trap, well into the Thomas-Fermi regime (T ≈
170nK, T/T0 ≈ 0.47). The measured trapping frequen-
cies are: ωz = 2pi× 21.1(1)Hz in the symmetry axis, and
ωr = 2pi× 188.2(3)Hz in the radial direction. In order to
drive the BEC towards turbulence we superpose an addi-
tional sinusoidal (time-dependent) magnetic field gradi-
ent, right after the BEC is produced. An anti-Helmholtz
coil pair set with symmetry axis slightly tilted compared
to the QUIC trap symmetry axis (θ ≤ 5◦). The field
gradient defining the excitation amplitude ranged from
80 to 790mG/cm along the tilted axis, and a minimum
of about 350mG/cm is needed to drive the BECs into
turbulence. The extra gradient oscillates at 189Hz fre-
quency for 6 full periods (31.7ms), after which it is com-
pletely shut-off. The perturbed BEC is held in the trap
for additional 35ms, after which it is switched off and the
BEC is let to expand and fall. Resonant, time-of-flight
(TOF) absorption images are acquired after variable time
lapses in free fall. We checked that the BEC reached
the turbulent state by running the following experimen-
tal tests. First, we analyze the density fluctuations ap-
pearing on the absorption images. Second, we determine
the momentum distribution spectrum from the time-of-
flight images [11, 12] and check the power-law depen-
dence, n(k) ∝ k−3, which characterizes the existence of
an energy cascade, a fundamental feature of turbulence.
Though the full characterization of turbulent regimes is
still under investigation in our laboratory. It seems to
depend on the condensed fraction, but not on the exact
excitation conditions, provided that a stationary state
was established.
The typical results determined from the free fall expan-
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2FIG. 1. (color online) BEC expansion during TOF. The
Tomas-Fermi radii, Rx and Ry, as a function of the TOF
are show for standard (a) and turbulent BECs (b), respec-
tively. (c), and (d) Three different TOF snapshots showing
the expansion of standard and turbulent BECs, respectively.
sion of the turbulent and the non-turbulent BECs are
presented in Fig. 1, where the clouds’ typical sizes are
plotted as a function of the elapsed time of flight. For a
standard (non-turbulent) BEC, the expected aspect ra-
tio inversion of the Thomas-Fermi radii during the free
fall expansion takes place at about 8.5ms TOF, as seen
in Fig. 1(a). On the other hand, the turbulent BECs are
known to expand in a self-similar manner, without ever
inverting its aspect ratio, shown in Fig. 1(b). The tur-
bulent cloud presents a self-similar anomalous expansion
with a shape and an aspect ratio nearly constant dur-
ing the TOF [13, 14]. Essentially, the preferential vor-
tex line alignment along the radial direction, transverse
to the symmetry axis direction, balances the radii ex-
pansion rates keeping the aspect ratio locked during the
TOF expansion [13]. The rate expansion determined in
both cases are: R˙y = 3.9(1)µm/ms, R˙x = 0.47(1)µm/ms
for the standard BEC and ˙˜Ry = 5.3(2)µm/ms,
˙˜Rx =
1.5(1)µm/ms for the turbulent BECs, clearly showing
that the disordered matter-wave expands faster than the
coherent one. Figures 1(c) and 1(d) show the expan-
sion of a standard (non-turbulent) BEC and a turbulent
BEC, respectively, for different TOF intervals. Fig. 1(d)
presents the number density distribution and its char-
acteristic modulations regularly observed in expanding
turbulent BECs. Those can only be seen in detail on
snapshots acquired after sufficiently long TOF intervals
(≥ 25ms), when the optical depth lowers and the probe
light passes through the atomic cloud revealing its typical
density distribution pattern. This fact forces a lower limit
on the TOF to allow for the experimental study of tur-
bulent density distribution patterns. We shall mention
that, currently, it is not technically possible to perform
studies at TOFs longer than 55ms in our system.
To follow up the observations for the propagating mat-
ter wave, the propagation of light beams with and with-
out speckle is presented in figure 2. A coherent elliptical
Gaussian laser beam propagates in space presenting as-
pect ratio inversion along the optical axis, similarly to
the aspect ratio inversion observed in coherent matter
waves, such as a free falling BEC. In that case, the trav-
eling optical wave is characterized by its divergence an-
gle, given by [15]: tan θi = λ/piwi, where λ is the light
wavelength and wi the beam waist in the i-direction. If
we now consider the same elliptical beam, but with a
speckle pattern on it, the divergence is quite different.
The divergence angle for each direction is given by [16, 17]
tan θi = λ/`i, where `i is the speckle correlation length
in the i-direction. Actually, `i is normally expressed as d
which is the typical particle size found in the rough sur-
face that generated the speckle pattern. For an isotropic
speckle field the correlation length is equal in both direc-
tions, thus the divergence is the same in any direction.
When dealing with light wave propagation one has
to take into account different regimes, namely the near
and the far field. The near field propagation regime
takes place at short distances, compared to the Rayleigh
length, and each and every domain expands as λ/`i,
which is precisely the case studied here. The overall
expansion is given by the sum of individual domains,
and therefore the general spatial evolution takes place
described based on different expansion rates, for each di-
rection, since there are different number in each direction.
The propagation does not present the aspect ratio inver-
sion, which tends to unity at large distances (far-field).
In Fig. 2, the axial evolution of the light beam waists of
a coherent Gaussian beam and a speckle beam are shown
as a function of the propagation distance from the focus.
We point out that both coherent and incoherent optical
beams start with identical elliptical cross-sections, but
evolve at distinct rates due to the presence or lack of
disorder (speckle).
For the coherent beam, Fig. 2(a), the inversion takes
place after a given propagation distance away from the
focus. In contrast, for the speckle field, Fig. 2(b), the
beam propagates in a nearly self-similar shape, and the
cross-section along each dimension increases faster when
compared with the coherent beam. That happens when
`i < wi, i.e. for a beam full of speckle grains, and
presents a larger divergence angle. From figures 2(a)
and 2(b) the determined beam divergence in both cases
are w˙x = 3.964(2) × 10−2, w˙y = 4.8(1) × 10−4 for the
coherent Gaussian beam and ˙˜wx = 9.8(5) × 10−2 and
˙˜wy = 1.67(6)× 10−1 for the speckle beam, showing that
the disordered light wave expands faster than the coher-
ent one, just as the turbulent quantum gas, presented
in Fig. 1. Figures 2(c) and (d) show the propagation of
the coherent Gaussian and speckle beams, respectively.
Those properties presented in Fig. 1 and Fig. 2 show
the equivalence between the propagating speckle light
field and the expansion of the corresponding matter wave
originated from the atomic BEC strongly driven out-of-
equilibrium. Both situations are equivalent for propaga-
3FIG. 2. (color online) Optical beam propagation. The op-
tical beam waists along the x and y directions, wx and wy,
as a function of the axial distance for a coherent Gaussian
beam (a) and the speckle beam (b), respectively. The marked
propagation distances z1, z2 and z3, the Gaussian beam as-
pect ratio matches that of a standard BEC for three TOFs in
the Fig. 1(c). (c), (d) Sequence of three different propagation
distances showing the expansion of a Gaussian beam and a
speckle beam, respectively.
tion regimes within the Rayleigh range. For much longer
time propagation, both waves shall evolve to isotropic
expansion, asymptotically. We have verified this behav-
ior by numerical simulations for the case of a light beam
with speckle.
Next, we evaluate the density-density correlation func-
tion for the expanded matter wave and compare it to that
of an optical speckle, whose coherence (or the lack of it)
can be expressed by the intensity-intensity correlation
function. That was originally established by Hanbury-
Brown-Twiss in their quest for the determination of the
typical sizes of astronomical objects [18].
The density function, ρ(r), presents fluctuations due to
turbulence in the sample. It is convenient to extract from
ρ(r) an average component and a fluctuation, chaotic
component, ρ(r) = 〈ρ(r)〉+ρfl(r). By definition, the av-
erage of ρfl(r) is zero, 〈ρfl(r)〉 = 0. This property allows
one to evaluate the density-density correlation function
to study the the turbulent BEC, given by:
C(2)(r − r′) = 〈ρ(r) ρ(r
′)〉
〈ρ(r)〉 〈ρ(r′)〉 − 1 =
〈ρfl(r) ρfl(r′)〉
〈ρ(r)〉 〈ρ(r′)〉 ,
and thus, according to the above definition, (), the cor-
relation function for a standard BEC is null.
Concerning the fluctuations observed on the atom
number density, ρfl(r), the probability distribution,
P (ρfl), is expected to be a normalized Gaussian, as a
result of the Central Limit Theorem. Thus P (ρfl) =
N exp [−(ρfl)2/2σ2], where σ2 is the variance, σ2 =
〈(ρfl)2〉, and N is the normalization constant, N =√
2/piσ2. The variance is basically the correlation func-
tion at ∆r = r − r′ = 0. It is convenient to present
FIG. 3. (color online) Normalized correlation function,
C˜(2)(∆r). (a) For a regular BEC (red) and a turbulent cloud
(green) as a function of the thermal De Broglie wavelentgh,
λdB . (b) For the numerical simulations of the a Gaussian
(red) and a speckle beam of light (green) as a function of
∆r, in units of λ, at a propagation distance where the Gaus-
sian beam aspect ratio matches with the regular BEC of (a).
The C˜(2)(∆r) for a regular BEC (Gaussian beam) is zero ex-
cept for very small ∆r, whereas for a turbulent cloud (speckle
beam) it has an exponential decay with a correlation length
of `Turb = 8.5(2) µm (`Speckle = 13.8(8)λ). The typical di-
mensions are Rx = 63(3) µm and Ry = 198(6) µm for the
BEC; and wx = 1876λ and wy = 2528λ for the beam waists,
showing that the correlation length is much smaller than the
BEC/beam sizes. The colored regions represent the confi-
dence bands of the exponential decay fittings.
our result for the correlation function normalized to the
variance, such that at ∆r = 0 the correlation function is
unity. In this way, we define the normalized correlation
function as C˜(2)(∆r) = C(2)(∆r)/C(2)(0). Of course in
order to calculate averages such as 〈ρfl(r)ρfl(r′)〉, one
needs the functional r-dependence of ρfl(r). Not having
this at hand, we merely construct the average through
sampling different values of ∆r, and then performing the
average as
∑M
i=1 ρfl(ri)ρfl(r
′
i)/M . The large ∆r behav-
ior of the correlation function is expected to be a Gaus-
sian or an exponential. In our analysis to follow the ex-
ponential decay with increasing ∆r was found to better
represent the behavior of the data, and the correlation
length can be extracted by using C˜(2)(`) = 1/e. In the
following we calculate the correlation function using the
measured atomic density, ρ(r), obtained after expansion
in time of flight.
In Fig. 3(a), we analyze the normalized correlation
function C˜(2)(∆r) of both: a regular and a strongly
perturbed BEC, after 30ms of free fall. The correla-
tion for a regular BEC is basically constant and close
4to zero. At short distances, C˜(2)(∆r) for the regular
BEC is greater than zero due to the small thermal fluc-
tuations originated from the thermal atoms component
of the sample. The turbulent sample shows a typical
C˜(2)(∆r) of a normalized decaying form at larger ∆r,
which is a result of a much shorter correlation length
(`Turb = 8.5(2) µm) than the sizes of the cloud (Rx =
63(3) µm and Ry = 198(6) µm) and indicates the pres-
ence of fluctuations at smaller scales. The in-trap corre-
lation length can be extracted from the TOF correlation
length by `0Turb = `Turb/
√
1 + (ωrt)2 ≈ 1.3ξ [1], where t
is the TOF and ξ = 0.18 µm is the BEC healing length,
which is also the typical vortex radius. The correlation
length clearly indicates the dynamical randomness of the
non-equilibrium BEC is entirely connected to the vortices
originally created in the disturbed BEC, with further de-
veloping.
Such a behavior is very similar to a speckle light field,
which motivated us to look for an underlying analogy ex-
isting in between the light field and the expanding quan-
tum degenerate gas. Indeed, the speckle field arises from
a sum of complex statistically independent amplitudes
bearing a random magnitude and phase [8]. For this
purpose, we simulated a propagating coherent Gaussian
beam and speckle light beam and compare with the ex-
panding BEC and non-equilibrium BEC. In Fig. 4(b), we
present the normalized correlation function C˜(2)(∆r) of
a Gaussian and a speckle beam at a propagation distance
where the Gaussian beam aspect ratio matches that of a
regular BEC of Fig. 4(a). Essentially, the same qualita-
tive decay behavior of the correlation function is observed
on the light field and on the expanding quantum gas. In
Fig. 4, we present the atomic density absorption pro-
file of an expanding turbulent cloud together with the
cross section intensity profile of a propagating speckle
field, showing the similarities between the distribution of
the spatial fluctuations amplitudes. An important point
concerning our measurements is that they are obtained
from absorption images. This corresponds to a projection
of the condensate’s atomic (number) density distribution
onto an image plane. Despite the fact that this procedure
smooths the fluctuations amplitude (as shown in Fig. 4),
the correlation length measured after projection remains
the same, as in three dimensions. This is supported by
2D simulations of an optical speckle beam and its unidi-
mensional projection. It was observed that the effect on
the correlation length, extracted from C˜(2)(∆r), remains
unaffected. In fact, the observation of quite a similar
behavior found in between the spatial evolution of such
different physical systems, starting from completely dif-
ferent initial conditions, is truly remarkable.
The observation and study of disorder existing in mat-
ter waves freely moving in space, which can be accom-
plished by driving Bose-Einstein condensates to turbu-
lence, may open up a broad new research field with op-
portunities for understanding of the inner nature of the
disorder phenomena. In particular, we mention the spa-
tial propagation of matter-waves speckle. We note that
FIG. 4. (color online) Direct comparison in between a turbu-
lent BEC and an elliptical speckle beam. (a) Typical atom
number density map of a turbulent condensate shown in units
of optical depth (OD). (b) Light intensity map from a cross
section of a speckle beam. The integration in one of the 3D
dimension of the BEC results in slightly smaller amplitude for
the density fluctuations.
the interaction of matter-wave with random potentials
created by speckle light fields has already produced very
interesting results on Anderson localization [19–21]. Fi-
nally, we point out that there might also be different
means of nucleating disorder into quantum gases (e.g.,
via modulation of microscopic interactions). We do be-
lieve that similar results may be achieved once disorder
in amplitude and phase is established, though we have
only explored it via the turbulent regime in this work.
In conclusion, we have investigated the expansion of
out-of-equilibrium (turbulent) BECs and found strong
evidences that it evolves in space much like a matter-
wave speckle field. This finding may well be the possi-
bility to investigate the statistical properties of matter
waves. The speckle-like behavior observed in free ex-
panding quantum fluids, driven out-of-equilibrium, may
emerge as an ideal candidate system to explore disor-
dered patterns and the details of speckle fields traveling
in three dimensions.
SIGNIFICANCE
In recent years, significant progress concerning matter-
wave creation and manipulation has been achieved. Fres-
nel diffraction, atom lasers, and nonlinear matter wave
phenomena, are just a few examples of recent interesting
research topics. There have also been quite a lot of stud-
ies related to the propagation of matter waves interacting
with disordered potentials, but not as much concerning
the disorder existing into the matter wave itself. In the
present study, we analyze the disorder imprinted into a
Bose-Einstein condensate (BEC), and its characteristic
spatial evolution afterwards. We performed careful anal-
yses and traced a few analogies that took us to the con-
clusion that the perturbed BECs evolve very much in
a speckle-like manner, in close analogy with a traveling
light (optical) speckle.
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